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Knowledge



Logic
Logical representations are based on:

•  Facts about the world.
•  Either true or false. 
•  We may not know which.
•  Can be combined with logical connectives.

Logic inference is based on:
• What we can conclude with certainty.



Logic is Insufficient
The world is not deterministic.
There is no such thing as a fact.
Generalization is hard.
Sensors and actuators are noisy.
Plans fail.
Models are not perfect.
Learned models are especially imperfect.

8x, Fruit(x) =) Tasty(x)





Probabilities
Powerful tool for reasoning about uncertainty. 

Can prove that a person who holds a system of 
beliefs inconsistent with probability theory can be 
fooled.

But, we’re not necessarily using them the way you would 
expect. 



Relative Frequencies
Defined over events.

P(A): probability random event falls in A, rather than Not A.
Works well for dice and coin flips!

A

Not A



Relative Frequencies 
But this feels limiting.

What is the probability that the Red Sox win this year’s World 
Series?

• Meaningful question to ask.
• Can’t count frequencies (except naively).
• Only really happens once.

In general, all events only happen once. 



Probabilities and Beliefs
Suppose I flip a coin and hide outcome.

• What is P(Heads)?

This is a statement about a belief, not the world.
(the world is in exactly one state, with prob. 1)

Assigning truth values to probabilities is tricky - must reference 
speaker’s state of knowledge.

Frequentists: probabilities come from relative frequencies.
Subjectivists: probabilities are degrees of belief.



For Our Purposes
No two events are identical, or completely unique.

Use probabilities as beliefs, but allow data (relative frequencies)  
to influence these beliefs.

In AI: probabilities reflect degrees of belief, 
given observed evidence.

We use Bayes’ Rule to combine prior beliefs with 
new data. 



Examples
X: RV indicating winner of Red Sox vs. Yankees game.

d(X) = {Red Sox, Yankees, tie}. 

A probability is associated with each event in the domain:
• P(X = Red Sox) = 0.8
• P(X = Yankees) = 0.19
• P(X = tie) = 0.01

Note: probabilities over the entire event space must sum to 1.



Example
What is the probability that Eugene Charniak will wear a red 
bowtie tomorrow?



Example
How many students are sitting on the Quiet Green right now?



Joint Probability Distributions
What to do when several variables are involved?

Think about atomic events.
• Complete assignment of all variables.
• All possible events.
• Mutually exclusive.

RVs: Raining, Cold (both boolean):

joint distribution
Raining Cold Prob.
True True 0.3
True False 0.1
False True 0.4
False False 0.2

 Note: still adds up to 1.



Joint Probability Distributions
Some analogies …

X ^ Y

X _ Y

¬X

X Y P
True True 1
True False 0
False True 0
False False 0

X Y P
True True 0.33
True False 0.33
False True 0.33
False False 0

X P
True 0
False 1



Joint Probability Distribution
Probabilities to all possible atomic events (grows fast)

Can define individual probabilities in terms of JPD:
P(Raining) = P(Raining, Cold) + P(Raining, not Cold) = 0.4.

Raining Cold Prob.
True True 0.3
True False 0.1
False True 0.4
False False 0.2

P (a) =
X

ei2e(a)

P (ei)



Joint Probability Distribution

Simplistic probabilistic knowledge base:
• Variables of interest X1, …, Xn.
• JPD over X1, …, Xn.
• Expresses all possible statistical information about relationships 

between the variables of interest. 

Inference:
• Queries over subsets of X1, …, Xn

• E.g.,  P(X3)
• E.g.,  P(X3 | X1)



Conditional Probabilities
What if you have a joint probability, and you acquire new data?

My iPhone tells me that its
cold. 

What is the probability
that it is raining?

Write this as:
• P(Raining | Cold)

Raining Cold Prob.
True True 0.3
True False 0.1
False True 0.4
False False 0.2



Conditioning
Written as:

• P(X | Y)

Here, X is uncertain, but Y is known (fixed, given).

Ways to think about this:
• X is belief, Y is evidence affecting belief.
• X is belief, Y is hypothetical.
• X is unobserved, Y is observed.

Soft version of implies:
•  Y =) X ⇡ P (X|Y ) = 1



Conditional Probabilities
We can write:

This tells us the probability of a given only knowledge b.

This is a probability w.r.t a state of knowledge.
• P(Disease | Symptom)
• P(Raining | Cold)
• P(Red Sox win | injury)

P (a|b) = P (a and b)

P (b)



Conditional Probabilities
P(Raining | Cold)
 = P(Raining and Cold) 
    / P(Cold)

Raining Cold Prob.
True True 0.3
True False 0.1
False True 0.4
False False 0.2 … P(Cold) = 0.7

 … P(Raining and Cold) = 0.3

P(Raining | Cold) ~= 0.43.

Note!
P(Raining | Cold) + P(not Raining | Cold) = 1!



Joint Distributions Are Everything
All you (statistically) need to know about X1 … Xn.

Classification
• P(X1 | X2 … Xn)

Co-occurrence
• P(Xa, Xb)

Rare event detection
• P(X1, …, Xn)

thing you want to know

things you know

how likely are these two things together?



Joint Probability Distributions
Joint probability tables …

• Grow very fast.
• Need to sum out the other variables.
• Might require lots of data.
• NOT a function of P(A) and P(B).



Independence
Critical property! But rare.

If A and B are independent:
• P(A and B) = P(A)P(B)
• P(A or B)   = P(A) + P(B) - P(A)P(B)

Independence: two events don’t effect each other.
• Red Sox winning world series, Andy Murray winning 

Wimbledon.
• Two successive, fair, coin flips.
• It is raining, and winning the lottery.
• Poker hand and date.



Independence
Are Raining and Cold independent?

Raining Cold Prob.
True True 0.3
True False 0.1
False True 0.4
False False 0.2

P(Raining = True) = 0.4
P(Cold = True)    = 0.7

P(Raining = True, Cold = True) = ?



Independence
If independent, can break JPD into separate tables.

Raining Prob.

True 0.6
False 0.4

Cold Prob.

True 0.75
False 0.25

Raining Cold Prob.

True True 0.45
True False 0.15
False True 0.3
False False 0.1

X



Independence is Critical

Much of probabilistic knowledge representation 
and machine learning is concerned with identifying 
and leveraging independence and mutual 
exclusivity.

Independence is also rare. Is there a weaker type 
of structure we might be able to exploit?



Conditional Independence
A and B are conditionally independent given C if:

• P(A | B, C) = P(A | C)
• P(A, B | C) = P(A | C) P(B | C)

(recall independence: P(A, B) = P(A)P(B))

This means that, if we know C, we can treat A and B as if 
they were independent.

A and B might not be independent otherwise!



Example
Consider 3 RVs:

• Temperature
• Humidity
• Season

Temperature and humidity are not independent.

But, they might be, given the season: the season explains both, 
and they become independent of each other.



Bayes’ Rule
Special piece of conditioning magic.

If we have conditional P(B | A) and we receive new data for 
B, we can compute new distribution for A. (Don’t need 
joint.)

As evidence comes in, revise belief.

P (A|B) =
P (B|A)P (A)

P (B)



Bayes

P (A|B) =
P (B|A)P (A)

P (B)

evidence

priorsensor model



Bayes’ Rule Example
Suppose:

• P(disease) = 0.001
• P(test | disease) = 0.99
• P(test | no disease) = 0.05

What is P(disease | test)? 

Not always symmetric!
Not always intuitive!

P (t) = P (t|d)P (d) + P (t|¬d)P (¬d)
<latexit sha1_base64="/wn4tFEYZqJV9CkX+9GjxrQtKvA=">AAACK3icbVDLSgMxFM3UV62vqks3wSK0iGWmCroRim5cVrAPaEvJZNI2NJMMyR2h1H6F3+EHuNVPcKW4FX/DtJ2FrR4IOfece7nJ8SPBDbjuu5NaWl5ZXUuvZzY2t7Z3srt7NaNiTVmVKqF0wyeGCS5ZFTgI1og0I6EvWN0fXE/8+j3Thit5B8OItUPSk7zLKQErdbInlTwU8CW2F37AQaGSDwr4OClbkvWsZquEdbI5t+hOgf8SLyE5lKDSyX63AkXjkEmgghjT9NwI2iOigVPBxplWbFhE6ID0WNNSSUJm2qPpt8b4yCoB7iptjwQ8VX9PjEhozDD0bWdIoG8WvYn4n9eMoXvRHnEZxcAknS3qxgKDwpOMcMA1oyCGlhCquX0rpn2iCQWb5NwWX6kBEN+MbTLeYg5/Sa1U9E6LpduzXPkqySiNDtAhyiMPnaMyukEVVEUUPaJn9IJenSfnzflwPmetKSeZ2UdzcL5+ADLmo64=</latexit>

P (d|t) = P (t|d)P (d)

P (t)
=

0.99⇥ 0.001

P (t)
<latexit sha1_base64="6rGR+qAQuxguZ/QlC6s6IoZLzjI="></latexit>

P (d|t) = P (t|d)P (d)

P (t)
=

0.99⇥ 0.001

P (t)
<latexit sha1_base64="6rGR+qAQuxguZ/QlC6s6IoZLzjI="></latexit>

= 0.99⇥ 0.001 + 0.05⇥ 0.999 = 0.05094
<latexit sha1_base64="2ccyIOHxtJxaGIu+a75Y1r2scL0=">AAACMHicbVDLSgMxFM3UV62vqks3wSIIQpmpFe2iUHTjsoJ9QDuUTJq2oZnJkNwRytD/8Dv8ALf6CboSV4JfYaYtaFsvhBzOOZeTHC8UXINtv1upldW19Y30ZmZre2d3L7t/UNcyUpTVqBRSNT2imeABqwEHwZqhYsT3BGt4w5tEbzwwpbkM7mEUMtcn/YD3OCVgqE62gMvYzpdKuA3cZ9pg23bwWXJf/HIlYyhPOLtU7GRziSsZvAycGcih2VQ72a92V9LIZwFQQbRuOXYIbkwUcCrYONOONAsJHZI+axkYEBPqxpO/jfGJYbq4J5U5AeAJ+3cjJr7WI98zTp/AQC9qCfmf1oqgd+XGPAgjYAGdBvUigUHipCjc5YpRECMDCFXcvBXTAVGEgqlzLsWTcgjE02PTjLPYwzKoF/LOeb5wV8xVrmcdpdEROkanyEGXqIJuURXVEEWP6Bm9oFfryXqzPqzPqTVlzXYO0dxY3z/LGKOv</latexit>

' 0.0194
<latexit sha1_base64="gpD+TkZvGYOxuhesl/z9Y9SCWTM=">AAACCXicbZBLSgNBEIZrfMb4irp00xgEV2EmBtRd0I3LCOYByRB6Oj1Jk+7pSXePEIacwAO41SO4E7eewhN4DTvJLEziDwUff1VRxR/EnGnjut/O2vrG5tZ2bie/u7d/cFg4Om5omShC60RyqVoB1pSziNYNM5y2YkWxCDhtBsO7ab/5RJVmMno045j6AvcjFjKCjbX8jmaCjpBbcr2bSrdQtDATWgUvgyJkqnULP52eJImgkSEca9323Nj4KVaGEU4n+U6iaYzJEPdp22KEBdV+Ont6gs6t00OhVLYig2bu340UC63HIrCTApuBXu5Nzf967cSE137KojgxNCLzQ2HCkZFomgDqMUWJ4WMLmChmf0VkgBUmxua0cCWQcmhwoCc2GW85h1VolEveZan8UClWb7OMcnAKZ3ABHlxBFe6hBnUgMIIXeIU359l5dz6cz/nompPtnMCCnK9fDeuaBw==</latexit>



Bayes’ Rule Example
Suppose:

• P(UFO) = 0.0001
• P(Digits of Pi | UFO) = 0.95
• P(Digits of Pi | not UFO) = 0.001

What is P(UFO | Digits of Pi)?

P (U |⇡) = P (⇡|U)P (U)

P (⇡)

P (U |⇡) = 0.95⇥ 0.0001

P (⇡)

P (¬U |⇡) = P (⇡|¬U)P (¬U)

P (⇡)

P (¬U |⇡) = 0.001⇥ 0.9999

P (⇡)

0.001⇥ 0.9999

P (⇡)
+

0.95⇥ 0.0001

P (⇡)
= 1 P (⇡) = 0.0010949

~0.087 ~0.913



Bayesian Knowledge Bases
List of conditional and marginal probabilities …

• P(X1) = 0.7
• P(X2) = 0.6.
• P(X3 | X2) = 0.57

Queries:
• P(X2 | X1)?
• P(X3)?

Less onerous than a JPD, but you may, or may not, be able to 
answer some questions.



(courtesy Thrun and Haehnel)


